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We apply a recent proposal to define “gravitational entropy” to the expansion of cosmic voids within the framework
of non–perturbative General Relativity. By considering CDM void configurations compatible with basic observational
constraints, we show that this entropy grows from post–inflationary conditions towards a final asymptotic value in a late
time fully non–linear regime described by the Lemaıˆtre–Tolman–Bondi (LTB) dust models. A qualitatively analogous
behavior occurs if we assume a positive cosmological constant consistent with a Λ–CDM background model. However,
the Λ term introduces a significant suppression of entropy growth with the terminal equilibrium value reached at a much
faster rate.
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1 Introduction
The availability of a large amount of independent good qual-
ity precise observations has turned modern Cosmology into
an exiting topic. Since the “concordance” or “Λ–CDM”
model has been quite successful to provide an empiric fit-
ting to these observations (Frieman, Turner & Huterer 2008;
Allen, Evrard & Matz 2008; Planck Collaboration 2013)
and numerical n–body simulations provide a reasonably
good description of our local Cosmography (Chissari & Zal-
dariaga 2011), a great deal of research in Cosmology is
based on linear perturbations on an FLRW (Λ–CDM) back-
ground (at scales comparable to the Hubble horizon) and
Newtonian gravity for structure formation in sub–horizon
scales. Since the Λ–CDM model does not explain the (yet
unknown) fundamental nature of dark matter and dark en-
ergy, the currently dominant assumption in cosmological re-
search is that undertaking these theoretical issues requires
new early Universe physics: either quantum gravity or pos-
sibly new or modified gravity theories. Nevertheless, there
are still many open theoretical issues on the gravitational
interaction at the cosmological scale that must be examined
under the framework of non–perturbative General Relativity
(which, after all, is still our best “classical” gravity theory).
One of the long standing open problems in General Rel-
ativity is the definition of a “gravitational” entropy pro-
viding a directionality to gravitational processes. From the
old idea of the “arrow of time” (Penrose 1979; Wainwright
1984; Bonnor 1986; Bonnor 1987; Pelavas & Lake 2000),
research on this issue has produced two self–consistent pro-
posals (Clifton, Ellis & Tavakol 2013; Hosoya, Buchert &
Morita 2004; Sussman & Larena 2014) for a “gravitational”
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entropy that is different from (though possibly related with)
the entropy of the field sources (hydrodynamical or non–
collisional) or the holographic black hole entropies.
We present in this article a summary of recently pub-
lished research (Sussman & Larena 2014) on the applica-
tion of the gravitational entropy proposal by Clifton, Ellis
& Tavakol 2013 (to be denoted henceforth as the “CET pro-
posal”) to a cosmological context, and specifically to the ex-
pansion of cosmic voids (which dominate present day large
scale CDM density distribution). For this purpose, we con-
sider a non–perturbative framework 1 through the class of
exact spherically symmetric solutions of Einstein’s equa-
tions with a dust source known as the Lemaıˆtre–Tolman–
Bondi (LTB) models, as such models provide a simple but
appropriate “toy model” description of cosmic voids (see
comprehensive reviews in (Plebanski & Krasinski, 2006;
Bolejko et al. 2009)).
While density voids constructed with LTB models
within the framework of non–perturbative General Relativ-
ity have been used as an alternative to the Λ–CDM paradigm
(see review in (Bolejko et al. 2009)), it is important to re-
mark that the usage of these models to examine the CET
gravitational entropy is not (necessarily) in contradiction
with this paradigm, as a nonzero Λ term consistent with ob-
servations can easily be incorporated into their dynamics.
Hence, we will examine the CET proposal for LTB models
for the case Λ = 0 and Λ > 0.
1 Gravitational entropy in a perturbative cosmological framework are
examined by (Clifton et al. 2013) and by (Li et al. 2012).
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2 Gravitational entropy.
The gravitational entropy defined in the CET proposal fol-
lows from an “effective” energy momentum tensor T ab for
the “free” gravitational field 2. For Petrov type D spacetimes
(“Coulomb–like” fields), this tensor takes the form:
T ab
8pi
= ρgru
aub + pgrh
ab + 2q(agravu
b) + Πabgr , (1)
with the “gravitational” state variables ρgr, pgr, Πabgr , q
a
gr
(gravitational density, pressure, viscosity and heat flux)
given by
8piρgr = 2α|Ψ2|, pgr = qagr = 0,
8piΠabgr =
α|Ψ2|
2
(xaxb + yayb − zazb + uaub). (2)
where {ua, xa, ya, za} is an orthonormal tetrad, Ψ2 is the
conformal invariant for of Petrov type D spacetimes and α
is a constant to get the right units. Proceeding by analogy
with entropy production in off–equilibrium hydrodynami-
cal sources with 4–velocity ua in Eckart’s frame (Maartens
1996), CET obtain the following Gibbs equation for the
gravitational entropy growth:
Tgrs˙gr = (ρgrV )˙ = −V σab
[
Πabgr +
4pi(ρ+ p)
3α|Ψ2| E
ab
]
, (3)
where V is a suitable local volume, σab is the shear tensor,
Eab = uaubC
acbd is the electric Weyl tensor and the “grav-
itational” temperature Tgr is given by
Tgr =
∣∣u˙aza +H+ σabzazb∣∣
2pi
, (4)
where u˙a = ub∇aub is the 4–acceleration and H ≡
hbc∇buc/3 is the isotropic Hubble expansion scalar. As
commented by CET, the terms inside the brackets in the
right hand side of (3) play the role of “effective” relativis-
tic dissipation terms in the analogy with dissipative matter
sources, though the actual sources are conserved, and thus
the Gibbs equation (3) does not imply that they exchange
energy or momentum with the free gravitational fields as-
sociated with (2). On the other hand, CET justify Tgr in (4)
as a local “gravitational” temperature that reduces in semi–
classical Unruh and Hawking temperatures in the appropri-
ate limits (see further detail in (Clifton et al. 2013)).
Notice that FLRW models define a global “gravita-
tional” equilibrium state characterized by s˙gr = 0 hold-
ing everywhere (for all t and all fundamental observers),
as for these models we have σab = u˙a = 0, while Tgr =
|H|/(2pi) > 0. As a consequence, the notion of gravita-
tional entropy is intimately linked to the deviation from ho-
mogeneity inherent in the gravitational interaction. How-
ever, not every deviation from inhomogeneity can be as-
sociated with a physically plausible gravitational process.
2 The “free” gravitational field can be identified with the Weyl ten-
sor. CET obtain the second order “effective” energy–momentum tensor
T ab through an irreducible algebraic decomposition of the Bell–Robinson
tensor, the only fully symmetric divergence–free tensor that can be con-
structed from the Weyl tensor. See comprehensive discussion in (Clifton et
al. 2013).
Hence, the CET gravitational entropy proposal must be
tested through the fulfillment of the condition for entropy
growth
s˙gr ≥ 0, (5)
that follows from (3) and (4), which should provide a di-
rectionality to gravitational processes when implemented in
actual solutions of Einstein’s equations.
3 LTB dust models.
In order to probe the CET proposal, and specifically the en-
tropy growth condition (5) on LTB dust models, we describe
the latter by the following FLRW–like metric element:
ds2 = dt2 + a2
[
Γ2dr2
1−Kq0r2 + r
2dΩ2
]
, (6)
where dΩ2 = dϑ2 + sin2 ϑdφ2, a = a(t, r) and Γ =
1 + ra′/a with a′ = ∂a/∂r, while Kq0 = Kq(t0, r) is
defined in equation (8) further ahead (the subindex 0 will
denote henceforth evaluation at present day cosmic time
t = t0, we remark that a0 = Γ0 = 1). The main covariant
objects of the models can be given as exact perturbations
and fluctuations with respect to the q–scalars ρq, Kq, Hq 3
ρ = ρq [1 + δ
(ρ)
q ], ρq =
ρq0
a3
, (7)
K = R(3)q [1 + δ(K)q ], Kq =
Kq0
a2
, (8)
H = Hq [1 + δ(H)q ], Hq =
a˙
a
, (9)
σab = Σ eab, Σ = −Dq(H), (10)
Eab = Ψ2 eab, Ψ2 =
4pi
3
Dq(ρ), (11)
where K = R(3)/6 (with R(3) the Ricci scalar of hy-
persurfaces orthogonal to ua), eab = hab − 3nanb with
na =
√
grrδ
r
a, while the perturbations and fluctuations
(δ(A)q and Dq(A) for A = ρ, K, H) are defined as
Dq(A) = A−Aq =
rA′q
3Γ
, δ(A)q =
Dq(A)
Aq
. (12)
If Λ = 0 (we look at the case Λ > 0 in section 6), we
can obtain the following closed analytic forms for the exact
perturbations δ(ρ)q , δ
(H)
q
δ(ρ)q =
J (+) + J (-)
1− J (+) − J (-) , (13)
δ(H)q =
(2 + Ωq)(J (+) + J (-))− 2(1− Ωq)∆(+)0
6(1− J (+) − J (-)) , (14)
where the q–scalar Ωq = Ω
(m)
q is defined by
Ωq =
8piρq
3H2q
=
Ωq0
Ωq0 + (1− Ωq0) a, (15)
3 These q–scalars can be related to a weighted scalar average of the co-
variant scalars ρ, K, H. They are covariant LTB scalars that satisfy iden-
tical evolution equations as their analogous FLRW scalars, hence they de-
fine a domain dependent FLRW background and allow to characterize LTB
models as exact perturbations. See comprehensive discussion on their prop-
erties in Sussman (2010a, 2010b, 2013a, 2013b, 2013c).
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and J (+), J (-) are the exact generalizations of the density
growing and decaying modes of linear perturbation theory
(Sussman 2013c):
J (+) = 3∆(+)0
[
Hq(t− tbb)− 2
3
]
, (16)
J (-) = 3∆(-)0 Hq, (17)
∆(+)0 =
δ
(ρ)
0 − 32δ(K)0
1 + δ
(ρ)
q0
, ∆(-)0 =
r t′bb
3(1 + δ
(ρ)
q0 )
, (18)
where tbb = tbb(r) is the Big Bang time such that a = 0 as
t = tbb for all r and Hq(t − tbb) = Yq(Ωq) holds with Yq
given by
Yq =
ε0
1− Ωq
[
1− Ωq
2
√|1− Ωq|A
(
2
Ωq
− 1
)]
, (19)
with ε0 = 1, A = arccosh for ever–expanding hyperbolic
models with negative spatial curvature (0 < Ωq < 1) and
ε0 = −1, A = arccos for elliptic collapsing models with
positive spatial curvature (Ωq > 1).
4 Density voids in regular LTB models.
Density void profiles are a generic feature in regular hyper-
bolic LTB models with Λ = 0 (Sussman 2010b; Sussman
2013c). The conditions for density void profiles follow from
the time asymptotic forms of (13) for such models (Sussman
& Larena 2014):
δ(ρ)q ≈ −1 as t→ tbb (∆(-)0 6= 0), (20)
δ(ρ)q ≈ O(a)→ 0 as t→ tbb (∆(-)0 = 0), (21)
δ(ρ)q ≈
∆(+)0
1−∆(+)0
as t→∞. (22)
Since 1 − ∆(+)0 > 0 and 1 + δ(ρ)q0 ≥ 0 must hold if we
demand absence of shell crossings (Sussman 2013c; Suss-
man & Larena 2014), and considering the sign relation be-
tween δ(ρ)q and ρ′q from (12), the condition for a time asymp-
totic void profile (δ(ρ)q > 0 so that ρ′q > 0 as t → ∞)
follows from (22) and is simply a positive growing mode
J (+) > 0, which (from (16) and (18)) implies: ∆(+)0 > 0,
since 2/3 < Yq < 1 holds everywhere for hyperbolic mod-
els. If there is an asymptotic void profile (∆(+)0 > 0) and the
decaying mode is nonzero (∆(-)0 6= 0), then an “inversion”
of the density profile necessarily occurs: an initial over–
density at t ≈ tbb (because of (20)) evolves into a density
void as t → ∞ (because of (22)). On the other hand, if the
decaying mode is suppressed (∆(-)0 = 0) and ∆
(+)
0 > 0, then
(21) and (22) imply that the density void profile occurs for
the whole time evolution (Sussman 2010b).
5 Entropy growth in LTB voids.
The “gravitational” state variables ρgr and Tgr in (2) and (4)
take the following forms for LTB models
8piρgr = = 2α|Ψ2| = 8piα
3
|Dq(ρ)|, (23)
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Fig. 1 Entropy production for LTB void models with
zero and non-zero decaying mode. The figure depicts
−δ(ρ)q δ(H)q ∝ s˙gr as a function of log a and r marking the
present day time as a = a0 = 1 (notice that a is a mono-
tonic function of t for hyperbolic models). Panel (a) corre-
sponds to a void model with a suppressed decaying mode
that is asymptotic to an Einstein de Sitter background and
fits supernovae and CMB observations (taken from (Febru-
ary et al. 2010)). Panel (b) depicts a closely related model
with a non-zero decaying mode (see (Sussman & Larena
2014)). Notice that entropy grows for large times in both
cases, with the decrease due to the nonzero decaying mode
(s˙gr < 0) taking place only for very early times a < 10−3 in
panel (b).
Tgr =
|Hq| | 1 + 3δ(H)q |
2pi
. (24)
Since the local volume defined by H = ˙`/` is given by
V = `3 = a3Γ, the condition for entropy growth (5) from
(3) becomes
s˙gr =
2piαρq0
3
∂t
(
Γ
∣∣δ(ρ)∣∣)
|Hq||1 + 3δ(H)q |
, (25)
which, considering that Γ˙ = 3ΓDq(H) = 3ΓHqδ(H) (from
(10)) and assuming that Γ > 0 holds to avoid shell cross-
ing singularities (Sussman 2010b; Sussman 2013c), yields
after a long algebraic manipulation (see detail in (Sussman
& Larena 2014)) the necessary and sufficient condition for
entropy growth expressed in terms of a negative correlation
between fluctuations of the energy density and the Hubble
scalar:
s˙gr ≥ 0 ⇔ Dq(ρ)Dq(H) ≤ 0. (26)
For ever–expanding density voids in hyperbolic models we
have ρq ≥ 0, Hq ≥ 0 everywhere, hence (26) becomes
s˙gr ≥ 0 ⇔ δ(ρ)q δ(H)q ≤ 0. (27)
Irrespective of whether the decaying mode is zero or
nonzero, we have for late times s˙gr → 0 with s˙gr ≥ 0:
δ(ρ)q δ
(H)
q ≈ (∆(+)0 )2 Ωq
[
1 + ln
(√
Ωq
2
)]
≤ 0
⇒ s˙gr ≥ 0, (28)
since Ωq  1 holds as t → ∞, and thus the logarith-
mic term inside the square brackets necessarily takes large
www.an-journal.org c© 2014 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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negative values. As depicted by figure 1, which compares
the evolution of s˙gr for void models with zero and nonzero
(but subdominant) decaying mode, the late time behavior
s˙gr → 0 is the same regardless of whether the decaying
mode is suppressed or not. Moreover, (27) also holds irre-
spective of the sign of ∆(+)0 , which is an important result: en-
tropy grows in the asymptotic time range of all hyperbolic
models, whether the terminal density profile is that of a void
(∆(+)0 ≥ 0) or an over–density (∆(+)0 ≤ 0) (Sussman 2013c).
For early times the growth of entropy depends on the
decaying mode (see the different early time behavior of the
plots in panels (a) and (b) in figure 1). If the decaying mode
is not suppressed (∆(-)0 6= 0) we have δ(H)q ≈ δ(ρ)q /2 ≈ −1/2
for t ≈ tbb if ∆(-)0 6= 0, hence (20) implies that s˙gr < 0 neces-
sarily holds for these early times (near a non–simultaneous
Big Bang). On the other hand, if the decaying mode is sup-
pressed (∆(-)0 = 0, simultaneous Big Bang), we obtain the
opposite result:
δ(ρ)q ≈ −
2
5
∆(+)0 (Ωq−1)→ 0, δ(H)q ≈ −
1
3
δ(ρ)q → 0, (29)
which implies that (27) is fulfilled as t → tbb. In fact, if
∆(-)0 = 0 then s˙gr ≥ 0 holds throughout the full time evo-
lution of the hyperbolic models. While this result seems to
suggest that models with a non-zero decaying mode should
be discarded, this may be an excessively strong and unnec-
essary restriction, as an early time decrease of gravitational
entropy from the decaying mode could simply be a signal
that the dust source of LTB models no longer provides a
physically viable description of cosmic dynamics in radia-
tion dominated early times.
6 The effect of Λ > 0.
If we assume Λ > 0 in order to comply with the con-
cordance observational paradigm, the condition for en-
tropy growth (27) remains valid for ever–expanding mod-
els (Hq > 0), but there are no analytic closed forms for
the perturbations δ(ρ)q and δ
(H)
q . These perturbations can be
computed numerically from solving the following evolution
equations (Sussman & Izquierdo 2011)
µ˙q = −3µhq, (30)
h˙q = −h2q − µq + λ, (31)
δ˙(µ)q = −3(1 + δ(µ)q )hqδ(h)q , (32)
δ˙(h)q = −(1 + 3δ(h))hqδ(h)q +
+
µq(δ
(h)
q − δ(µ)q ) + λ δ(h)q
hq
, (33)
subjected to the algebraic constraints
h2q = 2µq − κq + λ, (34)
2δ(h)q = Ω
(µ)
q δ
(µ)
q + (1− Ω(µ)q − Ω(λ)q )δ(κ), (35)
where hq = Hq/Hb0,µq = 4piρq/(3H2b0),κq = Kq/H2b0
and λ = 8piΛ/(3H2b0), with Hb0 being a suitable FLRW
(b)
(a)
τ
τ
−δq(µ) δq(h)
−δq(µ) δq(h)
Fig. 2 Entropy production for LTB void models with
zero and non-zero cosmological constant. Both panels
display the evolution of −δ(µ)q δ(h)q , which is proportional to
s˙gr, as a function of the dimensionless time τ = Hb0(t−t0),
so that present cosmic time is marked by τ = 0 and Big
Bang time is given by τ(tbb) = −Hb0t0. Panel (a) depicts
a cosmic scale void in an open FLRW background with
Ω
(µ)
b0 = 0.3, Ω
(λ)
b0 = 0 and central value Ω
(µ)
c0 = 0.08.
Panel (b) displays a similar void configuration in a Λ–CDM
background Ω(µ)b0 = 0.3, Ω
(λ)
b0 = 0.7 and central value
Ω
(µ)
c0 = 0.1. It is noticeable that the Λ term (panel (b))
suppresses the growth of gravitational entropy and forces
a much faster limit s˙gr → 0. We do not claim that the dis-
played configurations are “realistic” nor that they fit super-
novae or CMB data, as they have been conceived merely to
illustrate the behavior of s˙gr while complying only with age
constraints and observed values of the local Hubble constant
(Planck Collaboration 2013).
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background Hubble constant (not the observed Hubble con-
stant), while the q–scalars associated with the Omega pa-
rameters for CDM and Λ are
Ω(µ)q =
2µq
3h2q
, Ω(λ)q =
λ
h2q
. (36)
so that the background Omega factors Ω(µ)0b and Ω
(λ)
0b are
obtained as the limits of Ω(µ)q and Ω
(λ)
q as x = r/σ0 →∞,
where σ0 is an arbitrary adjustable length scale.
We now use (30)–(36) to look at the time evolution of
s˙gr through the product of perturbations in (27). The re-
sults are displayed in figure 2 for two cosmic voids com-
plying with current data on the local Hubble constant H0 ≈
67 km/(sec Mpc) and cosmic age constraints t0 ≈ 13.8
Gys (Planck Collaboration 2013). For a present day CDM
density profile given by
2µq = Ω
(µ)
b0 +
Ω
(µ)
c0 − Ω(µ)b0
1 + x2
(37)
where Ω(µ)c0 = Ω
(µ)
q0 (0), we assume for one of the voids
(panel (a)) λ = Ω(λ)b0 = 0 and an open FLRW dust back-
ground with Ω(µ)b0 = 0.3, while for the second void (panel
(b)) we consider a Λ–CDM background with Ω(µ)b0 = 0.3
and Ω(λ)b0 = 0.7 (we assume for both examples a simul-
taneous Big Bang, which implies from (17) and (18) a sup-
pressed decaying mode ∆(-)0 = 0). It is evident from compar-
ing the evolution of s˙gr in panels (a) and (b) of figure 2 that a
nonzero cosmological constant (panel (b)) keeps a positive
entropy growth but at the same time has an important time
asymptotic suppression effect.
7 Conclusion
We have applied the CET gravitational entropy proposal
of Clifton et al (2013) to examine entropy growth in ex-
panding cosmic voids that emerge from appropriate post–
inflationary conditions, as we assumed a suppressed decay-
ing mode (example (a) of figure 1 and both examples in fig-
ure 2) and in one case (example (b) of figure 1) a very sub-
dominant decaying mode (see invariant definition of den-
sity modes of LTB models in (Sussman 2013c)). As shown
in (Sussman & Larena 2014), the conditions for entropy
growth hold as long as the growing mode is dominant over
the decaying mode, even if the latter is not strictly zero.
We have also examined the effect of a Λ term on void
models compatible with basic observational constraints. As
we can see from figure 2, s˙gr is larger by an order of magni-
tude for the void with Λ = 0 (panel (a)), and also the termi-
nal entropy value associated with the convergence s˙gr → 0
for large cosmic times occurs at a much faster rate for the
void with Λ > 0 (panel (b)). However, this rapid conver-
gence of the gravitational entropy does not occur in the
present cosmic time (τ = 0 in figure 2) but at cosmic times
about three times our cosmic age. Evidently, we have only
examined very idealized spherical expanding cosmic voids,
and thus further research is needed to probe the CET pro-
posal (and the proposal of (Hosoya et al. 2004)) on more
general spacetimes, such as Szekeres models (Sussman &
Bolejko 2012), and on the process of structure formation
and gravitational collapse. In particular, we aim at studying
the growth of these gravitational entropies in the context of
the formation of virialized stationary structures, which may
provide a connection with theoretical work done on n–body
numerical simulations (Chissari & Zaldariaga 2011) and
Newtonian self–gravitational systems (Padmanabhan 1990;
Binney & Tremaine 1987, Saslaw 1985), as well as research
on various proposals on non–extensive entropy definitions
(Tsallis 2009; Plastino & Plastino 2003; Taruya & Sak-
agami). This research is currently under way and will be
submitted for publication in the near future.
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